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Abstract. In this paper, we propose a novel model fitting method to
recover multiple geometric structures from data corrupted by noises and
outliers. Instead of analyzing each model hypothesis or each data point
separately, the proposed method combines both the consensus informa-
tion in all model hypotheses and the preference information in all data
points into a two-layer network, in which the vertices in the first layer
represent the data points and the vertices in the second layer represent
the model hypotheses. Based on this formulation, the clusters in the
second layer of the network, corresponding to the true structures, are
detected by using an effective Two-Stage Message Passing (TSMP) algo-
rithm. TSMP can not only accurately detect multiple structures in data
without specifying the number of structures, but also handle data even
with a large number of outliers. Experimental results on both synthetic
data and real images further demonstrate the superiority of the proposed
method over several state-of-the-art fitting methods.

1 Introduction

The task of recovering geometric structures from data, i.e., model fitting, plays an
important role in many applications of computer vision, such as face clustering
[1, 2], homography/fundamental matrix estimation [3, 4], motion segmentation
[5, 6], etc. In practice, geometric model fitting is a challenging problem because
real-world data usually contain multiple structures, and are often contaminated
by severe noises, gross outliers, and pseudo-outliers [7]. For the purpose of being
robust to noises and outliers, many fitting methods (e.g., RANSAC [8] and its
variants [9–12]) adopt the “hypothesize-and-verify” framework, where a number
of model hypotheses are firstly generated from randomly sampled subsets of data,
and then evaluated based on a given quality measure. In order to deal with multi-
structure data, some methods (e.g., [13, 14]) use the “fit-and-remove” procedure,
which sequentially fits one structure and removes the corresponding inliers from
data. However, the inaccurate estimation of the first several structures may
seriously affect the estimation of the remaining structures.

Recently, a new category of fitting methods has revealed that the problem of
geometric model fitting can be formulated as the “representation-and-clustering”
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Fig. 1. Illustration of the main stages of the proposed model fitting method: (a) Two-
layer network modelling in which each vertex of the data point layer represents a data
point and each vertex of the model hypothesis layer represents a model hypothesis. (b)
and (c) The first stage of the proposed algorithm where the “consensus” C(vdi , v

h
k ) and

the “preference” P (vdi , v
h
k ) are exchanged between the vertices of the two layers. (d) and

(e) The second stage of the proposed algorithm where the “responsibility” R(vdi , v
d
j )

and the “availability” A(vdi , v
d
j ) are exchanged among the vertices of the pruned data

point layer.

framework (e.g., [5, 15, 3, 7, 16, 17]). Furthermore, these methods can be divided
into the consensus-based methods and the preference-based methods. For the
consensus-based methods (e.g., AKSWH [7], MSH [16]), each model hypothesis
corresponds to a consensus set which is defined as the set of corresponding
inliers belonging to the model hypothesis. For the preference-based methods
(e.g., KF [5], J-linkage [15], T-linkage [3]), each data point is represented by a
set of preferred model hypotheses, to which this data point is an inlier. After the
representation step, the clustering step is applied to segment model hypotheses
or data points.

However, the above clustering-based fitting methods only consider either the
consensus information or the preference information, which shows some limi-
tations. Specifically, the consensus-based methods need to distinguish the true
structures from the redundant structures (i.e., the structures of the same model
with slightly different parameters). The preference-based methods have difficul-
ties in dealing with intersecting structures. In addition, some preference-based
methods require the posteriori information during the fitting steps. For example,
J-linkage requires a user-specified threshold to filter out insignificant clusters so
as to determine the number of structures.

In this paper, we propose a novel and effective message passing algorithm
on the two-layer network to fit and segment multi-structure data. Instead of
only considering either the consensus information or the preference information,
the proposed method (called as TSMP) combines both of them into a two-layer
network, which is consisted of a data point layer and a model hypothesis layer.
Based on the network, a two-stage message passing algorithm is proposed. In the
first stage, messages are exchanged between the vertices in the data point layer
and the vertices in the model hypothesis layer to prune the data point layer. In
the second stage, the affinity propagation clustering approach [18] is applied to
detect clusters in the pruned data point layer (corresponding to the structures
in the data) based on a novel similarity measure. Finally, the number and the
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parameters of structures are estimated according to the detected clusters. An
overview of the proposed method is shown in Fig. 1.

Compared with current state-of-the-art clustering based model fitting meth-
ods, the proposed method (TSMP) shows three significant advantages: Firstly,
the constructed two-layer network can effectively describe the complex relation-
ships between data points and model hypotheses, and it can be easily imple-
mented. Secondly, TSMP can not only fit multi-structure data with a large
number of outliers (more than 90%), but also effectively handle unbalanced data
(i.e., the numbers of inliers belonging to different structures are significant un-
balanced). Thirdly, TSMP does not require a user-specified threshold to deter-
mine the number of structures in data, since it uses an effective message passing
algorithm on the two-layer network to automatically estimate the number of
structures.

Note that, FLOSS [6] also uses a message passing algorithm to deal with
model fitting problems. However, the differences between FLOSS and the pro-
posed method are significant. 1) FLOSS selects an optimal subset of facilities
(i.e., structures) and assigns each customer (i.e., a data point) to one facility
by minimizing a cost function composed by two terms: the facility cost and
the distance between customers to their assigned facilities. The effectiveness of
FLOSS is mainly depended on choosing a good trade-off between the two terms.
However, the proposed method attempts to directly estimate the number of
structures without relying on the trade-off. 2) FLOSS is intrinsically designed
for outlier-free data. To cope with the data contaminated by outliers, FLOSS
requires to add an outlier model into the optimization. Moreover, the perfor-
mance of FLOSS deteriorates rapidly as the outlier ratio surpasses 35% [19]. In
contrast, the proposed method contains an effective outlier removal procedure,
and it can handle data even with a large number of outliers (more than 90%).
Therefore, the proposed method is much more effective than FLOSS.

2 Two-Layer Network Modeling

In this paper, the geometric model fitting problem is formulated as a message
passing problem on a two-layer network, in which the vertices in the first layer
represent the data points and the vertices in the second layer represent the model
hypotheses. In Sec. 2.1, we introduce the modeling of the two-layer network, and
express the relationships between data points and model hypotheses by using
the two-layer network. The weighting score is introduced to weight the edge in
Sec. 2.2.

2.1 The Two-Layer Network

A two-layer network NW = {V d, V h, Edd, Edh,W dd,W dh} consists of vertices
V d in the first layer (i.e., the data point layer), vertices V h in the second layer
(i.e., the model hypothesis layer), edges Edd and Edh, weights W dd and W dh.
Each edge in Edh connects a vertex in V d and a vertex in V h, and it is measured
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by a weighting score in W dh. Each edge in Edd connects a pair of vertices in
V d, and it is weighted by a score in W dd. Note that, there is no edge between
the vertices in the model hypothesis layer, since there is no message exchanged
between these vertices.

To construct a two-layer network, we first sample M p-subsets from the N
data points X = {xi}Ni=1, where p is the minimum number of data points required
to estimate the parameters of a structure (e.g., 2 for line fitting and 3 for circle
fitting). Then, we generate M model hypotheses Θ = {θk}Mk=1 using the sampled
p-subsets, and estimate the inlier noise scale of each hypothesis. In this paper,
we use IKOSE [7] to estimate the inlier noise scale due to its good performance.
After that, each data point is represented as a vertex of the first layer and each
model hypothesis is represented as a vertex of the second layer. Then, we connect
each pair of vertices in the data point layer, and connect each vertex in the data
point layer to each vertex in the model hypothesis layer. Therefore, the complex
relationships between model hypotheses and data points are effectively described
by the two-layer network.

2.2 Weighting Score

Each edge in the two-layer network NW is associated with a weighting score,
while the weighting scores W dh and W dd measure different kinds of information.
A weighting score W dh(i, k), corresponding to an edge in Edh, measures the
affinity between a vertex vdi ∈ V d (i.e., a data point xi) and a vertex vhk ∈ V h

(i.e., a model hypothesis θk), and it is defined as follows:

W dh(i, k) = exp(−d(xi, θk)/σk), (1)

where d(xi, θk) is the residual from the model hypothesis θk to the data point xi;
σk is the inlier noise scale of θk. While the weighting scores inW dd, corresponding
to the edges in Edd, represent the similarities between the pairs of vertices in
V d, and the values of W dd are computed as described in Sec. 3.3.

Ideally, in Edh, an edge connecting a vertex in V d (corresponding to a data
point belonging to the inliers of a true structure) and a vertex in V h (correspond-
ing to a model hypothesis belonging to the true structure) should be assigned
with a high weighting score. Accordingly, in Edd, an edge derived from a pair
of vertices in V d (corresponding to a pair of data points belonging to the inliers
of a true structure) should also be assigned with a high weighting score. Recall
that any two vertices in the data point layer connected by an edge with a high
weighting score are similar. Thus, the vertices in the data point layer, corre-
sponding to the inliers of a true structure, should form a cluster in this layer. In
this manner, we can directly detect clusters on the two-layer network for model
fitting.

3 The Two-Stage Message Passing Algorithm

Based on the constructed two-layer network, the task of fitting structures in
data is formulated as the problem of detecting clusters in the data point layer. To
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detect clusters, we propose to utilize the affinity propagation (AP) [18] approach
to cluster the vertices in the data point layer (described in Sec. 3.4). AP is an
effective message passing based approach which automatically determines the
number of clusters. However, AP cannot deal with a large number of bad vertices
in the data point layer, corresponding to the outliers in data which are usuall
encountered in model fitting. In order to cope with the problem involved in AP,
we further propose an effective two-stage message passing (TSMP) algorithm.
At the first stage of TSMP, messages are exchanged between the vertices of the
data point layer and the vertices of the model hypothesis layer (as described
in Sec. 3.1). Based on the result of the first stage, the data point layer can be
pruned by removing the bad vertices and the corresponding edges (described
in Sec. 3.2). At the second stage of TSMP, AP is applied to detect clusters in
the pruned data point layer (described in Sec. 3.4). In addition, we develop an
effective similarity measure for pairs of vertices in the pruned data point layer
(described in Sec. 3.3) to enhance the performance of AP.

3.1 Message Passing Between the Two Layers

For the purpose of pruning the data point layer, we present an algorithm that
iteratively exchanges messages along the edges between the data point layer and
the model hypothesis layer to distinguish good vertices (corresponding to inliers)
from bad vertices (corresponding to outliers). Note that good vertices should
obtain more messages than bad vertices during the message passing process (see
Sec. 3.2).

There are two types of messages exchanged between vertices in the data point
layer and vertices in the model hypothesis layer. The first type of messages, called
“consensus”, are sent from the vertices in the data point layer to the vertices
in the model hypothesis layer. A consensus C(vdi , v

h
k ) reflects how appropriate

a vertex vdi is to be a good vertex for a vertex vhk , taking into account other
vertices in V h for the vertex vdi (see Fig. 1 (b)). The second type of messages,
called “preference”, are sent from the vertices in the model hypothesis layer to the
vertices in the data point layer. A preference P (vdi , v

h
k ) reflects the accumulated

evidence for how well-suited the vertex vdi is to be good vertex for the vertex vhk ,
taking into account the supports from the vertices in V d for the vertex vhk (see
Fig. 1 (c)).

At the beginning, all the preferences are initialized to 1
M , i.e., P (vdi , v

h
k ) = 1

M .
Then a consensus C(vdi , v

h
k ), sent from the vertex vdi to the vertex vhk , is calculated

as follows:

C(vdi , v
h
k ) =

M∑
k′=1

P (vdi , v
h
k′) ·W dh(i, k). (2)

At the first iteration, since all the preferences are equal to 1
M , C(vdi , v

h
k ) is

set to the affinity between the vertex vdi in the data point layer and the vertex
vhk in the model hypothesis layer. After several iterations, when some vertices in
the data point layer are weakly supported by some vertices in the model hypoth-
esis layer, their preferences will be assigned with small values than the others
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according to the update rule introduced below (see Eq. (3)). These preferences
with small values will weaken the support of the corresponding vertices in the
data point layer to the vertices in the model hypothesis layer.

The above consensus update makes each vertex in the model hypothesis layer
gather supports from the vertices in the data point layer. On the other hand,
the following preference update makes each vertex in the data point layer gather
supports from the vertices in the model hypothesis layer:

P (vdi , v
h
k ) =

N∑
i′=1

C(vdi′ , v
h
k ) ·W dh(i, k). (3)

The preference P (vdi , v
h
k ) is set to be the sum of the product of the consensuses

of the vertex vhk gathering from the other vertices in the data point layer and
the affinity (derived from the vertex vdi and the vertex vhk ).

The above procedure can be terminated within a limited number of iterations.
Specifically, in our experiments, after only two or three iterations, the distinction
of the updated preferences between the vertices in the data point layer is often
evident. Once the above procedure is terminated, the preferences can be used to
remove bad vertices in the data point layer.

3.2 Pruning the Data Point Layer

To prune the data point layer, each vertex vdi in the data point layer is assigned a
weighting score based on the corresponding preferences, and the weighting score
is calculated as follows:

π(vdi ) =

M∑
k=1

P (vdi , v
h
k ). (4)

The weighting score π(vdi ) is set to be the sum of the preferences that the
vertex vdi obtained from all vertices in the model hypothesis layer. Since the
vertices corresponding to inliers should obtain more preferences than the vertices
corresponding to outliers during the above message passing procedure (see Fig.
2(a) for an illustration), we can select good vertices (with high weighting scores)
while discarding bad vertices (with low weighting scores) by a threshold ψ.

As shown in Fig. 2(b), we observe that the histogram of weighting scores of
vertices in the data point layer has two distinct modes (i.e., good vertices and
bad vertices). Based on this observation, we can use a threshold to distinguish
good vertices from bad vertices. Instead of manually setting a threshold value, we
use a Gaussian Mixture Model (GMM) based approach as [5] to automatically
estimate the threshold value.

Specifically, given the vertices V d and the corresponding weighting scores π,
we fit a 1D GMM with two components:

F (π) =
∑
c=1,2

λcN{π|µc, σc}, (5)
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Fig. 2. An example illustrating the weighting scores of the vertices in the data point
layer and the corresponding histogram. (a) The weighting scores of the vertices in the
data point layer (ordered by cluster) corresponding to the data points in the “3 Lines”
data (see in Fig. 3). (b) The histogram of the weighting scores of the data points in
the “3 Lines” data.

where N is a Gaussian distribution; µc and σc are the mean and stand deviation,
respectively; λc is the weight of the c-th component. This can be solved by using
the EM algorithm [20]. Then the threshold value ψ can be obtained as the
average between the two means [5], i.e.,

ψ = (µ1 + µ2)/2. (6)

After obtaining the threshold value, we can remove the cluster of vertices
with lower weighting scores and the corresponding edges, by which we obtain a
pruned data point layer. Therefore, we can directly utilize AP to detect clusters
in the pruned data point layer.

3.3 Similarity Measure

To detect the clusters in the pruned data point layer by using the AP approach,
we develop an effective similarity measure for pairs of the vertices.

Let Ṽ d = {ṽdi }N
′

i=1 be the vertices in the pruned data point layer, where N ′

(N ′ � N) is the number of the remaining vertices. Denote the preferences vector
of vertex ṽdi by P(ṽdi ) = [P (ṽdi , v

h
1 ), ..., P (ṽdi , v

h
M )]. The Tanimoto-like similarity

between two vertices ṽdi and ṽdj based on the corresponding preferences vector is
given by [21]

S(ṽdi , ṽ
d
j ) =

< P(ṽdi ),P(ṽdj ) >∥∥P(ṽdi )
∥∥+

∥∥P(ṽdj )
∥∥− < P(ṽdi ),P(ṽdj ) >

− 1, (7)

where the notation< ·, · > indicates the standard inner product and ‖·‖ indicates
the corresponding induced norm. The similarity measure ranges in [−1, 0].
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Algorithm 1 The two-stage message passing method for geometric model fitting

Input: Data points X, and the K value for IKOSE.
Output: The structures in data and the corresponding inliers.
1: Generate a set of model hypotheses Θ.
2: Estimate the inlier noise scale of each model hypothesis by IKOSE.
3: Construct a two-layer network (described in Sec. 2.1).
4: Calculate the weighting scores of all the edges between the data point layer and

the model hypothesis layer by Eq. (1).
5: Exchange messages between the data point layer and the model hypothesis layer

(described in Sec. 3.1).
6: Prune the data point layer (described in Sec. 3.2).
7: Calculate the similarities between each pair of vertices in the pruned data point

layer by Eq. (7).
8: Exchange messages among the pruned data point layer to detect clusters (described

in Sec. 3.4).
9: Estimate the parameters of the structure derived from the vertices of each cluster.

Recall that a preference P (vdi , v
h
k ), sent from a vertex vhk to a vertex vdi ,

contains all the information that vertex vhk gathering from all the vertices in the
data point layer as in Eq. (2). Thus, each element P (ṽdi , v

h
k ) in the preference

vector P(ṽdi ) not only measures the affinity between the vertex ṽdi and the vertex
vhk , but also considers the relationships between the vertex ṽdi and the other
vertices in the data point layer. Therefore, the proposed similarity measure can
characterize more complex relationships among the vertices in the data point
layer.

Besides the similarity measure for each pair of vertices, AP also requires a
number S(ṽdi , ṽ

d
i ) for each vertex. The vertex vdi with a larger value of S(ṽdi , ṽ

d
i )

is more likely to be chosen as the cluster center. In this paper, S(ṽdi , ṽ
d
i ) for all

the vertices is set to be a common value, which is equal to the minimum value
of the similarities for pairs of vertices in the pruned data point layer.

3.4 Detecting Clusters

We utilize the AP approach [18] to detect clusters in the pruned data point layer,
where each cluster of vertices defines a structure in data. AP finds the clusters
by finding a set of center points based on a message passing algorithm. Each
center point represents a cluster, and each other data point belongs to one of
the center points.

Messages are exchanged between the vertices in the pruned data point layer
until a set of center vertices and the corresponding clusters gradually converges.
Similar to message passing between the two layers as described in Sec. 3.1, there
are two kinds of messages exchanged among the vertices of the pruned data point
layer. The first kind of message, i.e., the responsibility R(ṽdi , ṽ

d
j ), sent from the

vertex ṽdi to the candidate center vertex ṽdj , describes how well-suited the vertex

ṽdj is to serve as the center vertex of the vertex ṽdi . A responsibility between a



Message Passing on the Two-Layer Network for Geometric Model Fitting 9

vertex ṽdi and another vertex ṽdj is calculated as follows [18]:

R(ṽdi , ṽ
d
j ) = S(ṽdi , ṽ

d
j )− max

j′ s.t. j′ 6=j
{A(ṽdi , ṽ

d
j′) + S(ṽdi , ṽ

d
j′)}, (8)

where S(ṽdi , ṽ
d
j ) is the similarity between the vertex ṽdi and the vertex ṽdj as

described before. The second kind of message, i.e., the availability A(ṽdi , ṽ
d
j ), sent

from the candidate center vertex ṽdj to the vertex ṽdi , reflects the probability of

the vertex ṽdi choosing ṽdj as its center vertex. An availability between a vertex

ṽdi and another vertex ṽdj is updated as follows [18]:

A(ṽdi , ṽ
d
j ) = min{0, R(ṽdj , ṽ

d
j ) +

∑
i′ s.t. i′ /∈{i,j}

max{0, R(ṽdi′ , ṽ
d
j )}}. (9)

After obtaining the set of center vertices and the corresponding clusters, we
use the vertices of each cluster to estimate a structure.

4 The Complete Method

With all the ingredients described in the previous sections, we now present the
complete fitting method in this section. We summarize the proposed Two-Stage
Message Passing (TSMP) method for geometric model fitting in Algorithm 1.

The proposed TSMP fits structures by using an effective two-stage message
passing algorithm to detect clusters based on a two-layer network. TSMP can not
only automatically estimate the number of structures in data, but also handle
data with a large number of outliers. The computational complexity of TSMP
mainly consists of the first stage for exchanging messages between the data
point layer and the model hypothesis layer, and the second stage for exchanging
messages among the pruned data point layer. For the first stage, only a few
number of iterations is required to distinguish good vertices from bad vertices
(as described in Sec. 3.1). For the second stage, the number of good vertices N ′

is much smaller than the total number of vertices N in the data point layer.
Therefore, the proposed method is quite efficient (more results are presented in
Sec. 5).

5 Experiments

In this section, we test the performance of the proposed model fitting method
(i.e., TSMP) on synthetic and real data. To evaluate the effectiveness of the
proposed method, we compare TSMP against four state-of-the-art fitting meth-
ods, i.e., KF [5], J-linkage [15], AKSWH [7] and T-linkage [3]. We choose these
representative methods because they are clustering based methods as the pro-
posed method. The parameters of all the methods have been tuned for the best
performance.
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(a) Data (b) KF (c) J-linkage (d) AKSWH (e) T-linkage (f) TSMP

Fig. 3. Examples for 2D line fitting. 1st to 4th rows respectively fit three, four, five and
six lines. (a) The input data. (b) to (f) The fitting results obtained by KF, J-linkage,
AKSWH, T-linkage and TSMP, respectively.

Table 1. The fitting errors (in percentage) for 2D line fitting on the four data (the
best results are boldfaced)

KF J-linkage AKSWH T-linkage TSMP
Avg. Med. Avg. Med. Avg. Med. Avg. Med. Avg. Med.

3 Lines 5.98 5.31 7.44 7.51 2.25 2.31 4.87 4.85 1.83 1.88

4 Lines 7.01 6.56 9.89 9.84 5.40 5.17 7.67 7.54 2.70 2.72

5 Lines 17.20 17.30 21.11 21.13 7.44 7.45 17.33 17.31 3.45 3.50

6 Lines 28.59 28.50 27.15 27.08 8.01 8.00 19.27 19.05 4.13 4.09

In each experiments, the same set of model hypotheses is generated for all
the fitting methods by using the proximity sampling [15]. More specifically, we
generate 5,000 model hypotheses for line fitting (Sec. 5.1) and circle fitting (Sec.
5.2), 10,000 model hypotheses for homography based segmentation (Sec. 5.3) and
20,000 model hypotheses for two-view based motion segmentation (Sec. 5.4). We
repeat each experiment 50 times and report the segmentation errors as [3]. All
experiments are ran on a windows machine equipped with a 3.6 GHz Intel Core
i7 processor and 32 GB RAM.

5.1 Line Fitting

We evaluate the performance of the five methods on line fitting using four chal-
lenging synthetic 2D line data. The corresponding outlier ratios of the four data
are respectively 87.5% for the “3 Lines data”, 88.8% for the “4 Lines data”,
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90.0% for the “5 Lines data” and 90.9% for the “6 Lines data”. The inlier noise
scales of the four data are set to 1.0.

From Fig. 3 and Table 1, we can see that: (1) For the “3 Lines data” and
“4 Lines data”, all five fitting methods correctly estimate the number of lines in
data. However, TSMP achieves the best results among the five fitting methods.
(2) For the “5 Lines data” and “6 Lines data”, the five methods succeed in esti-
mating the number of the lines in data. But KF, J-linkage and T-linkage can not
effectively segment data points. In contrast, AKSWH and TSMP correctly fit
the lines with lower fitting errors, while TSMP achieves the lowest fitting errors.
This is because: Firstly, the outlier ratios of the two data are too high for KF, J-
linkage and T-linkage to capture the complex relationship between data points;
Secondly, there exist several intersections in the data, and the three methods
cannot deal with the data points near the intersections. AKSWH obtains rela-
tively lower fitting errors among the four competing methods, since it clusters
model hypotheses rather than data points, which makes it not very sensitive to
data distribution.

5.2 Circle Fitting

In this subsection, we evaluate the performance of the five methods on circle
fitting using four challenging synthetic data (see Fig. 4). The corresponding
outlier ratios of the four data are respectively 85.0% for the “4 Circles data”,
86.9% for the “5 Circles data”, 88.4% for the “6 Circles data” and 89.6% for the
“7 Circles data”. The inlier noise scales of the four data are set to 0.7.

From Fig. 4 and Table 2 we can see that: (1) For the “4 Circles data”, the
five fitting methods correctly fit all the four circles, where TSMP achieves the
lowest average fitting error. Both AKSWH and TSMP achieve the lowest median
fitting errors. (2) For the “5 Circles data” and “6 Circles data”, all the five fitting
methods succeed in estimating the number of circles in data. However, TSMP
achieves the best performance among the five fitting methods. KF, J-linkage and
T-linkage wrongly discard many inliers while preserving some outliers. (3) For
the “7 Circles data”, TSMP correctly fits the seven circles and achieves the best
performance among the five fitting methods. KF wrongly estimates the number
of circles in data. This is because KF is sensitive to the user specified weighting

Table 2. The fitting errors (in percentage) for 2D circle fitting on four data (the best
results are boldfaced)

KF J-linkage AKSWH T-linkage TSMP
Avg. Med. Avg. Med. Avg. Med. Avg. Med. Avg. Med.

4 Circles 6.98 6.60 7.88 7.64 1.65 1.40 1.52 1.48 1.38 1.40

5 Circles 16.26 15.70 24.82 24.75 2.82 2.83 15.15 15.11 2.57 2.61

6 Circles 13.70 17.92 17.74 17.51 6.25 6.29 11.62 11.70 3.13 3.08

7 Circles 35.99 35.59 36.13 36.05 5.02 4.34 22.14 22.06 3.68 3.79
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(a) Data (b) KF (c) J-linkage (d) AKSWH (e) T-linkage (f) TSMP

Fig. 4. Examples for 2D circle fitting. 1st to 4th rows respectively fit four, five, six
and seven circles. (a) The input data. (b) to (f) The fitting results obtained by KF,
J-linkage, AKSWH, T-linkage and TSMP, respectively.

ratio between the fitting error and the model complexity. J-linkage, AKSWH
and T-linkage also succeed in estimating the number of circles in data. However,
J-linkage and T-linkage obtain higher fitting errors than AKSWH and TSMP.
Since there exist several intersections in the data, J-linkage and T-linkage cannot
effectively deal with the data points near the intersection.

5.3 Homography Based Segmentation

We test the performance of the five fitting methods for the task of homogra-
phy based segmentation using the five real image pairs from the AdelaideRMF
dataset [22]1.

As shown in Fig. 5 and Table 3, TSMP correctly estimates the numbers
of planes, achieving the lowest average and the lowest median fitting errors in
4 out of 5 data. AKSWH and T-linkage achieve relatively low fitting errors.
However, KF and J-linkage obtain worse results in most cases. We note that KF
may wrongly preserve many outliers when the data is unbalanced, and J-linkage
is sensitive to the cutoff threshold. In contrast, due to the two-layer network
framework, TSMP is not sensitive to the data distribution.

5.4 Two-view Based Motion Segmentation

We also test the performance of the five fitting methods for the task of two-view
based motion segmentation by using five real image pairs from the AdelaideRMF
dataset [22].

1 http://cs.adelaide.edu.au/ hwong/doku.php?id=data



Message Passing on the Two-Layer Network for Geometric Model Fitting 13

(a) (b) (c) (d) (e)

Fig. 5. Examples of Homography based segmentation on five image pairs, namely (a)
Elderhalla, (b) Nese, (c) Sene, (d) Oldclassicswing and (e) Neem. The first and second
rows are the ground truth and the segmentation results obtained by the proposed
method respectively. The results obtained by other 4 methods are not shown due to
the space limit.

Table 3. The fitting errors (in percentage) for homography based segmentation on five
data (the best results are boldfaced)

KF J-linkage AKSWH T-linkage TSMP
Avg. Med. Avg. Med. Avg. Med. Avg. Med. Avg. Med.

Elderhalla 3.93 3.93 6.96 7.52 1.27 1.15 2.85 2.57 0.98 0.93

Nese 12.99 12.45 14.57 14.48 1.57 1.57 1.30 1.18 0 0

Sene 13.52 13.06 16.40 16.40 1.60 1.64 1.28 1.20 0.64 0.60

Oldclassicswing 11.08 11.05 17.90 17.90 3.69 3.66 3.54 3.17 3.64 3.54

Neem 15.15 14.26 17.47 17.71 6.71 6.69 4.56 4.52 3.18 3.05

From Fig. 6 and Table 4, we can see that the results of KF and J-linkage
are not good in most cases. The reason is that 8 data points are required to
generate a model hypothesis in this task, and a large number of model hypotheses
should be generated to cover all the motions in data. Thus, a large proportion
of bad model hypotheses is generated, which results in the inaccurate similarity
measure between data points in KF and J-linkage. The performance of AKSWH
is relatively better than both KF and J-linkage. However, during the procedure
of selecting significant hypotheses in AKSWH, some good model hypotheses
may be wrongly removed, which leads to a high fitting error. TSMP obtains
both the lowest average and median fitting errors in 4 out of 5 data. For the
“Cubebreadtoychips” data, TSMP also achieves a competitive result compared
with the best result obtained by T-linkage.
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(a) (b) (c) (d) (e)

Fig. 6. Examples of two-view based motion segmentation on five image pairs, namely
(a) Cubetoy, (b) Camebiscuit, (c) Cubechips, (d) Breadtoycar and (e) Cubebreadtoy-
chips. The first and second rows are the ground truth and the segmentation results
obtained by the proposed method, respectively.

Table 4. The fitting errors (in percentage) for two-view based motion segmentation
on five data (the best results are boldfaced)

KF J-linkage AKSWH T-linkage TSMP
Avg. Med. Avg. Med. Avg. Med. Avg. Med. Avg. Med.

Cubetoy 6.31 6.35 12.83 12.71 5.32 5.50 3.14 3.05 1.49 1.20

Cubechips 10.56 10.92 12.11 12.06 4.73 4.68 5.52 5.17 0.67 0.70

Gamebiscuit 10.18 10.40 14.85 12.96 7.28 7.51 7.32 7.41 3.14 3.05

Breadtoycar 16.20 15.00 17.83 17.66 9.06 9.01 4.33 4.21 3.13 3.11

Cubebreadtoychips 16.73 15.50 30.73 30.09 15.66 15.08 3.05 3.11 5.20 5.05

6 Conclusion

This paper formulates geometric model fitting as a message passing problem on
a two-layer network which consists of a data point layer and a model hypothesis
layer. Based on the formulated two-layer network, a two-stage message passing
algorithm is proposed to detect clusters (corresponding to structures in data)
by exchanging messages among the two-layer network. The proposed method
(TSMP) simultaneously estimates the number of structures and the correspond-
ing parameters of each structure without specifying the number of structures
in data. Furthermore, TSMP can not only handle data with a large proportion
of outliers, but also alleviate sensitivity to unbalanced data. Experimental re-
sults on both synthetic data and real images demonstrate the proposed method
outperforms several state-of-the-art fitting methods.
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