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Motion Segmentation via a Sparsity Constraint
Taotao Lai, Hanzi Wang∗ , Senior Member, IEEE,
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Abstract—Motion segmentation is an important task for intelligent transportation systems. In this paper, inspired by the
fact that a feature point trajectory can be sparsely represented
as a combination of several feature point trajectories that
share coherent transformations, an efficient and effective motion
segmentation method with a sparsity constraint is proposed.
Specifically, we first propose an accumulated scheme to efficiently
integrate motion information from all frames of a video sequence
to construct a correlation matrix. Then a sparse affinity matrix
is built on the correlation matrix by using information theoretic
principles, where the nonzero elements in the same row of the
sparse affinity matrix correspond to the feature point trajectories
more likely belonging to the same motion. Thereafter, a segment
and merge procedure is proposed to effectively estimate the
number of motions via the sparse affinity matrix. Finally,
by applying spectral clustering on the sparse affinity matrix,
different motions in the video sequence are accurately segmented
based on the estimated number of motions. Experimental results
on the Hopkins 155 and the 62-clip datasets demonstrate that the
proposed method achieves superior performance compared with
several state-of-the-art methods.
Index Terms—Motion segmentation, affinity-based method,
residual sorting, sparsity constraint.

I. I NTRODUCTION

M

OTION segmentation is one of the most important
research areas in computer vision. It has been used
as a pre-processing step for many applications in intelligent
transportation systems, such as visual surveillance, object
tracking, action recognition. The aim of motion segmentation
is to recognize and separate different moving objects (such as
moving vehicles or moving people) according to their different
motion patterns, where each moving object is identified as a
coherent entity. Numerous motion segmentation methods (e.g.,
[1]–[9]) have been proposed recently. Many of them have
demonstrated excellent performance on popular test benchmarks, e.g., the Hopkins 155 dataset [10].
According to the recent works [5], [6], motion segmentation
methods can be grouped into two-frame based and multi-frame
based methods. The latter type has attracted more attention
due to its ability to exploit the motion information from all
frames of a video sequence for accurate motion segmentation.
The authors of [11] roughly group previous multi-frame based
motion segmentation methods into two categories: subspacebased methods (e.g., [9], [11]–[16]), and affinity-based methTaotao Lai, Hanzi Wang, Yan Yan and Wan-Lei Zhao are with the Fujian
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ods (such as [5], [6], [11], [17]). Subspace-based methods
segment different motions based on a data matrix constructed
by using all feature point trajectories of a video sequence.
On the other hand, affinity-based methods segment different
motions based on an affinity matrix constructed from affinities
between pairs of feature point trajectories. The proposed
method belongs to affinity-based methods.
Although good performance has been observed on the
Hopkins 155 dataset, subspace-based methods may fail to
deal with several problems in practice that do not affect
affinity-based methods significantly. For instance, subspacebased methods generally show poor performance when objects
are temporarily occluded. In such a case, the feature point
trajectories corresponding to the occluded objects are missing.
Although the use of matrix completion is able to recover
missing data [18], there is no guarantee that missing data
can be completely recovered. The experimental results of
[6] have shown that, even for these subspace-based motion
segmentation methods integrated with the step of missing data
recovery, satisfactory performance has not been achieved when
some of the feature point trajectories are missing.
In contrast, affinity-based methods suffer less from object
occlusions since they only require that feature point trajectories are visible in at least two frames. As indicated in
recent work [5], [6], affinity-based methods are able to achieve
competitive performance. However, the major disadvantage of
the method in [5] is that the number of motions needs to be
predefined, which is not practical. Although the method in [6]
is able to estimate the number of motions automatically, its
computational cost is pretty high. For example, on the video
sequence Van (in the 62-clip dataset), which consists of 100
frames and 802 feature points per frame, the method in [6]
took 5,237 seconds to obtain the motion segmentation results.
Thus, it is difficult to be used in real applications.
Recently, both BM (Brox and Malik [17]) and OB (Ochs
and Brox [19]) have been proposed to perform motion segmentation by clustering dense feature point trajectories. However,
BM constructs pairwise similarities by restricting motion models to be 2D translations. Therefore, BM may fail if motions
undertake complex models [20]. Moreover, a drawback of OB
is its high computational cost. For instance, OB spends 48
minutes to compute the affinity matrix of the video sequence
car1 [20], while car1 consists of only 19 frames and 4,850
feature points per frame.
In this paper, we focus on the more accurate motion model
using a lower number of feature point trajectories. We present
an efficient and effective Motion Segmentation method with
a Sparsity Constraint (called MSSC). The proposed method
is based on the observation that a motion can be viewed
to be composed of a number of homographies (i.e., in our
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Fig. 1. Overview of the proposed MSSC method for motion segmentation. (a) The input video sequence Cars9 of the Hopkins 155 with the tracked feature
points. (b) Based on the input feature points, the proposed MSSC constructs a sparse affinity matrix. (c) MSSC estimates the number of motions in the video
sequence via the sparse affinity matrix. (d) Spectral clustering is applied on the sparse affinity matrix to accurately segment motions with the estimated number
of motions. Three segmented motions are marked with different colors.

work, we approximate a rigid motion using a finite number of
homography matrices, which is sufficient to deal with many
objects in real environments, e.g., vehicle, pedestrian). Thus,
motion segmentation (which is usually solved by using the
fundamental matrix model) can be split into a number of simpler homography matrix estimation tasks. More specifically,
we follow the sparse self-expression of the Sparse Subspace
Clustering (SSC) [4] due to its good performance. In this
paper, a sparse representation of a feature point trajectory
corresponds to choosing several other feature point trajectories
that share similar homographies.
An overview of the proposed MSSC is shown in Fig. 1.
MSSC first constructs a sparse affinity matrix in Fig. 1(b)
using the input feature point trajectories (shown in Fig. 1(a)).
Based on the constructed sparse affinity matrix, MSSC then
estimates the number of motions in Fig. 1(c). Finally, MSSC
segments different motions via both the sparse affinity matrix
and the estimated number of motions in Fig. 1(d).
It is worth pointing out that the main differences between
the proposed MSSC and the recently proposed affinity-based
methods [5], [6] are as follows: (1) MSSC can accurately
estimate the number of motions from the constructed sparse
affinity matrix using Mutual Information Theory (MIT) while
the method in [5] needs to specify the number of motions to
construct the affinity matrix. (2) Compared with the method in
[6], MSSC works within a reasonable time because it solves
the motion segmentation problem by splitting the problem to
a number of homography matrix estimation tasks1 while the
method in [6] pursuits the result by using a more complex geometric model (i.e., the fundamental matrix model) in a mixed
norm optimization scheme, leading to high computational cost.
The main contributions of this paper are summarized as
follows. First, we propose a simple but effective accumulated
scheme, by which motion information from all frames of
a video sequence is effectively integrated into an accumulated correlation matrix. Second, based on the accumulated
correlation matrix, we propose to use information theoretic
principles to construct a sparse affinity matrix for improving
the accuracies of both estimating the number of motions and
segmenting different motions. Third, we propose a novel hy1 The running time of generating promising hypotheses significantly reduces
when the complexity of the geometric model decreases [21], especially for
random sampling.

pothesis generation strategy to accurately estimate the number
of motions in the video sequence via the sparse affinity matrix.
The rest of the paper is organized as follows. In Section II,
we review the related work. In Section III, we present a
new method for constructing a sparse affinity matrix by using
both residual sorting and information theoretic principles. In
Section IV, we propose an effective scheme for estimating
the number of motions by using MIT. In Section V, we show
experimental results, and we draw conclusions in Section VI.
II. R ELATED WORK
In this section, we first review the subspace-based motion
segmentation methods in Section II-A. Then, we introduce the
affinity-based motion segmentation methods in Section II-B.
Finally, we review the methods, which estimate the number of
motions for motion segmentation, in Section II-C.
A. Subspace-based motion segmentation methods
Several subspace-based methods, such as [4], [7], [9], [12]–
[16], have been proposed in recent years. These methods can
be further classified into three categories: algebraic methods,
information-theoretic methods and spectral clustering-based
methods.
• Some algebraic methods based on factorization (e.g., [14],
[15]) segment different motions by decomposing a matrix
composed of feature point trajectories directly. These methods assume that the motions are independent. However, this
assumption does not hold across all the cases in practice.
Some algebraic-geometric methods (e.g., Generalized Principal Component Analysis (GPCA) [16]) are able to deal with
motion subspaces with different dimensions. Nevertheless,
these methods are sensitive to noises [4].
• Information-theoretic methods (e.g., Agglomerative Lossy
Compression (ALC) [9]) aim to minimize the coding length
to represent feature point trajectories. ALC first treats each
feature point trajectory as an independent group, and then
iteratively merges pairs of groups to maximally reduce the
coding length. Note that the proposed method also uses the
information theoretic principles. However, different from ALC
[9], the proposed method uses the information theoretic principles to adaptively obtain thresholds for constructing sparse
affinity matrices.
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• Spectral clustering-based methods (such as [4], [7], [12],
[13], [22], [23]) firstly construct a similarity matrix between
pairs of feature point trajectories based on a data matrix
constructed using all feature point trajectories of a video
sequence. The spectral clustering technique is then adopted
to segment the feature point trajectories into different motions
based on the similarity matrix. One advantage of the spectral
clustering-based methods is that they are robust to noises,
which has been demonstrated by the good performance on the
Hopkins 155 dataset by most of the methods in this category.
However, these methods encounter the performance bottleneck
when confronting some practical problems (e.g., object occlusions), as pointed out in Section I. Note that although the
proposed method is also a spectral clustering-based method,
the proposed method is an affinity-based method and thus it
suffers less from object occlusions.
B. Affinity-based motion segmentation methods
In order to segment different motions, several affinitybased motion segmentation methods (e.g., [5], [6]) consider
the epipolar constraint. For instance, in [5], the Randomized
Voting (RV) score for each feature point is computed based
on the distance between the feature point and the corresponding epipolar line. These scores are accumulated to segment
motions. Feature point information of each image pair has
been exploited in [6], where the feature point information of
multiple image frames is further integrated via a mixed norm
optimization scheme. However, the drawbacks of [5], [6] are
that: the number of motions has to be predefined in [5], which
is not realistic in practice and the Multiple-Two-PerspectiveView (MTPV) method in [6] is computationally expensive.
The Multi-Scale Motion Clustering (MSMC) [11] method
also belongs to affinity-based methods. MSMC iteratively
performs the “split-and-merge” procedure to segment different
motions. However, it is vulnerable to complicated scenes due
to the use of the homography motion model. Note that the
proposed method also uses the homography motion model.
Nevertheless, we do not construct an affinity matrix based on
the inliers of homography matrices as done in [11]. Thus, the
proposed method does not require to estimate the scales of
inliers. While MSMC needs to predefine the scales of inliers,
which is not trivial. In contrast, the proposed method is more
robust, since it uses both residual sorting and information theoretic principles to construct a sparse affinity matrix, in which
a feature point trajectory correlates to only several feature
point trajectories that share similar homographies. Thereby,
feature point trajectories from different motions are accurately
correlated to each other. Moreover, the strategy of the proposed
method for estimating the number of motions is more accurate
than that of MSMC. Specifically, the proposed method uses
a segment and merge procedure to effectively overcome the
problem of over-segmentation. While MSMC compares the
results of clustering with various motion numbers, which may
lead to over-segmentation.
C. Estimation of the number of motions
The estimation of the number of motions is one of the
most challenging issues in motion segmentation. The Low-
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Rank Representation (LRR) [7] and the Ordered Residual
Kernel (ORK) [12] estimate the number of motions by using
a robust scheme to analyze the number of elements in the
Laplacian matrix whose eigenvalues are close to zero. Some
other methods, such as [6], first over-segment motions by
analyzing the eigenvalues of the Laplacian matrix, then they
merge the over-segmented motions. However, the eigenvalues
of the Laplacian matrix are sensitive to noise, which will
greatly affect the accuracies of these methods. The Minimal
Basis Facility Location for Subspace Segmentation (MBFLSS) [24] method uses an affinity propagation-based method
to estimate the number of motions. The Branch-and-Bound
(BB) [25] method integrates the linear programming optimization technique to estimate the number of motions and
it achieves the state-of-the-art performance at 80.00% on the
Hopkins 155. The proposed method first applies a more robust
technique by analyzing the structure of the eigenvectors of
the Laplacian matrix (obtained from the constructed sparse
affinity matrix) to segment motions, then it merges the oversegmented motions belonging to the same motion with MIT
(see Section IV). In this manner, the proposed method can
accurately estimate the number of motions and achieves the
state-of-the-art performance.
III. S PARSE AFFINITY MATRIX CONSTRUCTION
In this section, we show how the relations between pairs
of feature point trajectories are modelled as an accumulated
correlation matrix. We also show how to construct a sparse
affinity matrix, based on which different motions can be
easily segmented. Specifically, after a small number (e.g.,
200) of homography matrices are generated for each pair
of consecutive frames, an accumulated correlation matrix is
computed by residual sorting. Then, the proposed method
constructs a sparse affinity matrix by using information theoretic principles, where a feature point trajectory retains the
correlations only with several feature point trajectories that
share similar homographies.
A. Correlation computation
Let X f = {xf1 , xf2 , . . . , xfN } be a set of feature correspondences in the f th pair of consecutive frames (defined as
the f th and the (f + 1)th frames), where N is the number
of tracked feature points and f is in the range [1, F − 1].
Here, F is the number of frames of a video sequence. As in
[11], a homography is estimated from a minimal subset of
four non-missing feature correspondences by using the Direct
Linear Transformation (DLT) [26]. The residuals are computed
according to the symmetric transfer error.
Let Θ = {θ1 , θ2 , . . . , θT } be a putative hypothesis set
generated from the f th pair of consecutive frames by using
random sampling [27], where T is predefined as in [12], [30].
f
The absolute residual rp,t
of the pth feature correspondence
xfp at the f th pair of consecutive frames with regard to the
tth hypothesis θt is computed as
f
rp,t
= R(xfp , θt ),

(1)

where the function R(.) computes the residual of xfp to θt .
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Fig. 2. Correlation matrices computed by the proposed method. (a), (b) and (c) show the correlation matrices computed by (5) on the three-motion video
sequence 2T3RCR of the Hopkins 155 dataset, accumulating the computed correlations of the first, first several (e.g., eight) and all (twenty five) pairs of
consecutive frames, respectively.

For each feature correspondence xfp ∈ X f , the absolute
residual vector rfp between xfp and the T generated hypotheses
is calculated by (1). rfp is written as
f
f
f
rfp = [rp,1
rp,2
. . . rp,T
].

(2)

The residuals in rfp are sorted in the non-descending order. Correspondingly, the permutation of residual indices is
obtained, i.e.,
κfp = [κfp,1 κfp,2 . . . κfp,T ].

(3)

κfp ranks the preference of xfp to the T hypotheses. Let κfp,1:h
be the first-h elements of κfp . As in [21], h is set to [0.1 ∗ T ]
and the notation [·] means rounding the value. The correlation
between two correspondences xfp and xfq is defined as [21]
dfp,q =

1 f
|κ
∩ κfq,1:h |,
h p,1:h

ORK estimates the number of motions by using eigenvalue
analysis (see Section II-C) while MSSC presents a more
accurate strategy: the number of motions is estimated by using
both the eigenvector analysis and MIT (see Section IV).

(4)

where |κfp,1:h ∩ κfq,1:h | represents the number of identical
elements shared by κfp,1:h and κfq,1:h . The value of dfp,q is
large if xfp and xfq are from the same structure (i.e., motion);
otherwise, the value of dfp,q is low.
In the case that one of feature correspondences is missing
due to object occlusions, dfp,q is simply set to zero. There are
two reasons for doing this. On one hand, the missing data do
not contribute to the correlation of both the pth and the qth
feature correspondences. On the other hand, accumulating the
correlations of several pairs of consecutive frames is sufficient
to construct the sparse affinity matrix. This will be shown in
Section III-B.
Notice that the ORK [12] method constructs an Ordered
Residual Kernel (ORK) matrix for motion segmentation by
using residual sorting as well. However, the main differences
between ORK and the proposed MSSC are threefold: (1)
ORK is a subspace-based method while the proposed MSSC
is an affinity-based method. Thus, as stated before, ORK is
unable to directly handle some practical problems (e.g., object
occlusions) while the proposed MSSC can effectively handle
these practical problems. (2) ORK segments motions based
on the ORK matrix whereas MSSC improves segmentation
accuracy by adopting a more robust way: Motion is segmented
based on a sparse affinity matrix, which is constructed using
both residual sorting and information theory principles. (3)

B. Accumulated correlation matrix
Based on the correlation (defined in (4)) between two
feature correspondences from a pair of consecutive frames,
an N ×N correlation matrix D is defined. Di,j is given as
Di,j =

F
−1
X

dfζf (i),ζf (j) ,

(5)

f =1

where ζf (i) is the index of the correspondence across the f th
pair of consecutive frames for the feature point trajectory i,
and similarly for ζf (j). As shown in (5), one entry in matrix
D is an accumulation of (F − 1) correlations across all the
F frames of a video sequence. The entry Di,j indicates the
degree of correlation between the feature point trajectory i
and the feature point trajectory j across the whole video
sequence. With (5), the correlation between them will be
relatively amplified after the accumulation if two feature point
trajectories are from the same motion. As observed in Fig. 2(a),
the correlation matrix is not accurate enough by computing
the correlations of only the first pair of consecutive frames.
However, the correlation matrix in Fig. 2(b) accumulates
the computed correlations of the first several (e.g., eight)
pairs of consecutive frames, which is almost as accurate as
accumulating the computed correlations of all (twenty five)
pairs of consecutive frames (see Fig. 2(c)).
C. Sparse affinity matrix
The values of the correlations between two feature point
trajectories from different motions in D are usually larger
than zero (see Fig. 2(c)). This will affect the subsequent clustering performance. To avoid this problem, we use a similar
strategy as the method in [4]: One feature point trajectory is
sparsely represented as only several feature point trajectories
corresponding to the same motion. As stated in [28], there are
two ways to construct a sparse affinity matrix: The t-nearest
neighbor way and the -neighborhood way. In the t-nearest
neighbor way, Di,j is retained if the jth (or ith) feature point
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after which a spectral clustering method can be applied to
segment motions on A if the number of motions is predefined.
However, the number of motions is usually unknown in practice. The details of how the number of motions is estimated
are given in Section IV.
IV. E STIMATING THE NUMBER OF MOTIONS

Fig. 3. The constructed sparse affinity matrix by using information theoretic
principles based on the correlation matrix of Fig. 2(c).

trajectory is among the t nearest neighbors of the ith (or jth)
feature point trajectory. In the -neighborhood way, Di,j is set
to be zero if the value of Di,j is smaller than a threshold . In
this paper, we use the -neighborhood way and we use information theory principles to adaptively achieve thresholds for
the -neighborhood way to effectively construct sparse affinity
matrices. More specifically, the proposed method first takes
advantage of information theory principles to automatically
obtain a threshold for the ith row of D. Then, the correlations,
whose values are smaller than the obtained threshold, are set
to be zero for the ith row. In this way, a sparse affinity matrix
A is constructed (see Fig. 3), with which the performance of
motion segmentation is boosted (see Section V-B). The details
are given as follows:
For the ith row Di = [Di,1 Di,2 . . . Di,N ] of the correlation
matrix D, the gap δj between the maximum Di and the jth
element Di,j of Di is calculated as:
α
δj = max(Dα
i ) − Di,j .

(6)

The influence of the parameter α on the performance of the
proposed method is studied in Section V-B.
The probability of δj can be written as:
, N
X
ρ(δj ) = δj
δk .
(7)
k=1

N
X

ρ(δj ) log ρ(δj ).

Let M be a diagonal
PN matrix derived from the affinity matrix
A, and Mi,i = j=1 Ai,j . The normalized Laplacian matrix
is constructed as L = M−1/2 AM−1/2 . The C eigenvectors of
L are associated with the largest C eigenvalues for L, where
C is the largest possible motion number. In this paper, C is
fixed to 5 in all experiments following the similar experimental
settings as [29]. The C eigenvectors are organized to form
the matrix Y = [Y1 , Y2 , . . . , YC ]. The matrix Y is further
rotated by V = YO, where O is the orthogonal matrix which
best aligns Y’s columns (see [29]).
Based on V, a cost function defined in [29] is employed:
C
N X
X

2
Vi,j
/(max Vi )2 .

(11)

n=1 c=1

(8)

j=1

To this end, E is treated as a threshold to wipe out the
entries whose values are smaller than E in the ith row, which
is given as

0,
if log ρ(δj ) < E or i = j.
∗
Di,j
=
(9)
Di,j ,
otherwise.
To avoid a trivial solution, the diagonal elements are set to be
zero.
After applying the above operations on each row, the
correlation matrix D is updated to form a new matrix D∗ .
The nonzero entries from the ith row of D∗ indicate that the
corresponding feature point trajectories are more likely from
the same motion as the ith feature point trajectory. Finally, a
symmetrical sparse affinity matrix A is defined as
A = D∗ + D∗T ,

A. Segmenting motions

F=

The entropy of Di is obtained by
E=

In the proposed method, three steps are involved in the
estimation of the number of motions. Firstly, by analyzing
the eigenvectors derived from the sparse affinity matrix A
which is obtained by (10) (note that the predefined number
of motions is not required), the proposed method adaptively
segments motions. Since the number of segmented motions
may be larger than the real number of motions, merging oversegmented motions is required. Thus, we propose a robust
scheme for generating one hypothesis for each segmented
motion. Then, the mutual information between each pair of
hypotheses, which corresponds to two segmented motions, is
computed. Afterwards, a merging step is implemented on each
pair of over-segmented hypotheses whose mutual information
is larger than zero. After merging, the number of remaining
hypotheses is the estimated number of motions.

(10)

The number of motions ĉ which minimizes F is selected as
the estimated number of segments, where ĉ ∈ {1, 2, . . . , C}.
After this step, the N feature point trajectories are segmented
into ĉ motions. If there are η segmented motions with a
small number (e.g., less than 8) of feature correspondences,
these feature correspondences cannot adequately represent the
corresponding motion. In such cases, the motions with a
small number of feature correspondences are deleted, and the
estimated number of motions ĉ is set to be (ĉ − η). However,
the estimated number ĉ may be larger than the real number of
motions. In the following subsection, a novel way based on
MIT is presented to merge correlated motions.
B. Deriving hypotheses from segmented motions
In this section, we describe how to derive a hypothesis
from a segmented motion. We show the process of deriving the hypothesis for the mth segmented motion, where
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m ∈ {1, 2, ..., ĉ} and ĉ is the number of segmented mom,f
tions obtained by minimizing (11). Specifically, let X̃
=
m,f
m,f
{xm,f
,
x
,
.
.
.
,
x
}
be
k
feature
correspondences
of
λ1
λ2
λk
the mth segmented motion in the f th pair of consecutive
frames after swiping missing data. Here, {λ1 , λ2 , . . . , λk } ⊂
m,f
{1, 2, . . . , N } is a set of data indices. Based on X̃
, the
proposed method first computes a fundamental matrix estimate
θm,f using the 8-point method [26] if k ≥ 8. Then, the
proposed method calculates the residual rζff (i),m of the ζf (i)th
correspondence with respect to the hypothesis θm,f using
the Sampson distance [26], if the ζf (i)th correspondence is
not missing in the f th pair of consecutive frames, where
ζf (i) is the index of the correspondence across the f th
pair of consecutive frames for the feature point trajectory i.
Otherwise, the proposed method does not compute the residual
for the ζf (i)th correspondence.
In the same way, the proposed method calculates Q (Q > 0)
residuals for the ith feature point trajectory in all the (F − 1)
pairs of consecutive frames of a video sequence with F frames,
ri,m = [rζaa1

1 (i),m

rζaa2

2 (i),m

a

. . . rζaQ

Q

(i),m ],

(12)

where {a1 , a2 , . . . , aQ } ⊆ {1, 2, . . . , F − 1} are the indices
of the Q pairs of consecutive frames in the (F − 1) pairs of
consecutive frames if the ith feature point trajectory is not
missing in the Q pairs of consecutive frames. To make the
proposed method robust to noises, the median of the residuals,
r̂i,m = median{ri,m },

(13)

is selected as the residual of the ith feature point trajectory
with respect to the hypothesis θ̂m , which is associated with
the mth segmented motion. Likewise, the proposed method is
able to calculate the residual vector r̂m of the N feature point
trajectories with regard to the mth hypothesis θ̂m , yielding,
r̂m = [r̂1,m r̂2,m . . . r̂N,m ].

(14)

In the same way, the proposed method calculates ĉ residual
vectors for N feature point trajectories against ĉ hypotheses,
which are associated with ĉ segmented motions obtained in
Section IV-A.
C. Obtaining the number of motions by merging hypotheses
After obtaining the ĉ residual vectors corresponding to
ĉ hypotheses, the proposed method computes the mutual
information M (θ̂m , θ̂n ) between each pair of hypotheses as
in [30], where m ∈ {1, 2, . . . , ĉ} and n ∈ {1, 2, . . . , ĉ}.
According to mutual information theory, the value of mutual
information between two hypotheses is low if they are derived
from different motions. On the contrary, two hypotheses hold
a large value of mutual information if they are derived from
the same motion. Two hypotheses are merged if the mutual
information M (θ̂m , θ̂n ) between the two hypotheses is larger
than zero. Otherwise, the two hypotheses are kept separate.
The details of the mutual information computation can be
found in [30]. After merging, the number of the remaining
hypotheses is regarded as the estimated number of motions.
The effectiveness of the proposed merging scheme on the
performance of estimating the number of motions is evaluated
in Section V-C.

V. E XPERIMENTS
In this section, we evaluate the performance of the proposed
MSSC in comparison with several state-of-the-art motion segmentation methods including subspace-based methods (such as
SSC [4], LRR [7]) and affinity-based methods (e.g., MTPV [6]
and MSMC [11]). In Section V-A, two datasets and evaluation
metrics are described. The influence of the parameter α on
the performance of the proposed MSSC is evaluated in Section V-B. The motion segmentation results on the two datasets
are shown in Section V-C and Section V-D, respectively.
A. Datasets and evaluation metrics
In the experiments, two datasets are adopted for evaluation,
i.e., Hopkins 155 [10] and 62-clip [6]. The Hopkins 155 is
one of the most popular benchmarks for motion segmentation.
It consists of 120 two-motion video sequences and 35 threemotion video sequences. The 62-clip dataset is mainly derived
from the Hopkins 155 dataset, including 50 video sequences
from the Hopkins 155. Another 12 video sequences with object
occlusions have been added to the 62-clip dataset, and the
12 video sequences include 4 video sequences from [31] and
another 8 video sequences provided by [6]. Among the 12
video sequences, 9 video sequences have perspective effects.
There are 26 two-motion video sequences and 36 three-motion
video sequences in the 62-clip dataset.
As in [6], [12], the clustering error (CE) is adopted to
measure the segmentation accuracy. It is defined as
CE =

number of misclustered points
.
total number of points

(15)

The lower the value of CE is, the better the motion segmentation performance is2 . In addition to CE, the correct rate (CR)
CR =

NVSCE
total number of video sequences

(16)

is also adopted to evaluate the ability of a motion segmentation
method to estimate the number of motions in a video sequence,
where N V SCE represents the Number of Video Sequences
in which the number of motions is Correctly Estimated. The
higher the CR is, the better the performance of a method is.
B. The influence of the parameter α
In this section, we study the influence of the parameter
α in (6) on the performance of the proposed method. The
value of α will affect the sparsity of the matrix obtained by
(10): the larger the value of α is, the more sparse the affinity
matrix is. We set α in the range of [0 10], where α = 0
means that we directly perform clustering on the correlation
matrix obtained by (5). For each value of α, the proposed
method is run 20 times. Fig. 4 shows the median results
(i.e., the median values of the mean clustering errors and the
mean correct rates) obtained by the proposed method over 20
runs on the Hopkins 155. From Fig. 4, we can see that the
clustering error first decreases and then increases generally
2 We report the lowest CE by exhaustively evaluating all the cluster pairs
using the code provided by the authors of [6] if the estimated number of
motions is not equal to the ground truth number.

JOURNAL OF LATEX CLASS FILES

7

TABLE I
T HE CLUSTERING ERROR (%) OBTAINED BY THE SIX COMPETING
METHODS ON THE Hopkins 155 DATASET.

90

85

Correct Rate

Clustering Error

6

5

4

80

75

3
0

2

4

6

The value of α

8

10

70
0

(a)

2

4

6

The value of α

8

10

(b)

Fig. 4. The influence of α on the performance of the proposed MSSC. (a)
and (b) show the mean clustering errors (%) and the mean correct rates (%)
achieved by the proposed MSSC with different values of α, respectively.

whereas the correct rate first increases and then decreases
generally as the value of α increases. This is because that,
when the value of α is low, the affinity matrix is relatively
dense (i.e., the feature point trajectories corresponding to one
motion may be correlated with the feature point trajectories of
the other motions), leading to under-segmentation. In contrast,
when the value of α is large, the feature point trajectories
corresponding to one motion may be only correlated with
few feature point trajectories from the same motion and thus
they cannot effectively represent the corresponding motion,
leading to over-segmentation. As a result, the proposed method
achieves the lowest clustering error and the largest correct rate
when α = 3. Therefore, we set the value of α to be 3 in the
following experiments.
C. Results on the Hopkins 155 dataset
Three experiments are conducted to evaluate the performance of the proposed MSSC method and several other
competing methods on the Hopkins 155 dataset. In the first
experiment, the number of motions is predefined and the
accuracies of motion segmentation obtained by the proposed
MSSC and the other competing methods are evaluated. In the
second experiment, the ability of all the competing methods
to estimate the number of motions is studied. In the third
experiment, the segmentation accuracies obtained by all the
competing methods are evaluated in the scenario that the
number of motions is unknown. For the proposed MSSC, since
the process of sampling is random, each experiment is repeated
for 100 times. The median results are reported as the final
performance.
In the first experiment, the proposed MSSC is compared
with five state-of-the-art methods: ALC [9], SSC [4], LRR
[7], Two-Perspective-View (TPV) [6] and RV [5]3 . The results
obtained by the five competing methods and the proposed
MSSC are given in Table I.
Table I shows that the average clustering errors obtained
by the proposed MSSC are less than 2% for video sequences
with both two and three motions, which outperform the results
achieved by ALC, SSC, LRR and TPV. In contrast to RV,
the proposed MSSC outperforms RV on the three-motion
video sequences while RV outperforms the proposed MSSC
on the two-motion video sequences. On the whole dataset, RV
3 The

results of the five competing methods are cited from [4]–[7], [9],
respectively. ’–’ means the value is not reported in the corresponding paper.

Method
2 motions:
Mean
Median
3 motions:
Mean
Median
All
Mean
Median

ALC
SSC
120 sequences
2.40
1.52
0.43
0.00
35 sequences
6.69
4.40
0.67
0.56
3.56
0.50

2.18
0.00

LRR

TPV

RV

MSSC

1.33
0.00

1.57
–

0.44
–

0.54
0.00

2.51
0.00

4.98
–

1.88
–

1.84
0.30

1.59
0.00

2.34
–

0.77
–

0.83
0.00

achieves slightly better performance than the proposed MSSC.
This is not surprising because RV uses the prior knowledge
(i.e., the predefined number of motions) in both affinity matrix
construction and spectral clustering while all other methods
including the proposed MSSC only use the prior knowledge
in spectral clustering. However, the prior knowledge is not
available in practice. In contrast, the proposed MSSC is able
to estimate the number of motions automatically.
In the second experiment, the ability of each competing
method to estimate the number of motions is evaluated. The
performance of the proposed MSSC is studied in comparison
with the Ordered Residual Kernel (ORK) [12], the Kernel Optimization (KO) [32], the Low-Rank Representation (LRR) [7],
the Minimal Basis(MB)-FLoSS (MB-FLSS) [24], the Branchand-Bound (BB) [25] and MSSC∗ (i.e., the proposed MSSC
does not use the merging scheme proposed in Section IV while
it only uses the eigenvector analysis technique (i.e., (11))). The
CR results4 obtained by the competing methods in estimating
the number of motions are shown in Table II.
TABLE II
T HE CORRECT RATE (%) OF ESTIMATING THE NUMBER OF MOTIONS
OBTAINED BY THE COMPETING METHODS ON THE Hopkins 155 DATASET.
T HE BEST RESULTS ARE BOLDFACED .
Method

ORK

KO

LRR

2 motions
3 motions
All

67.37
49.66
63.37

82.50
48.57
74.84

84.17
57.14
78.06

MBFLSS
81.67
71.43
79.35

BB
–
–
80.00

MSSC∗ MSSC
81.67
62.86
77.42

90.00
71.43
85.81

As shown in Table II, the proposed MSSC demonstrates
good ability in estimating the number of motions in the video
sequences. On both the 2-motion and the 3-motion video
sequences, the proposed MSSC achieves the highest correct
rate compared with the five other competing methods (i.e.,
ORK, KO, LRR, MB-FLSS and MSSC∗ ). In particular, on
the 2-motion video sequences, the correct rate obtained by
the proposed MSSC is much higher than those obtained by
the five competing methods. Moreover, on the whole video
sequences, the correct rate obtained by the proposed MSSC
is much higher than the state-of-the-art correct rate (80.00%)
4 The results of KO, LRR and MB-FLSS are cited from [24], while the
results of ORK and BB are cited from [12], [25], respectively. ’–’ means the
value is not reported in the corresponding paper.
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(a) People1

(b) Cars3

(c) Cars2B

(d) Cars9

Fig. 5. Examples showing the successful segmentation cases obtained by the proposed method. (a)-(d) The segmentation results achieved by the proposed
method for four video sequences in the Hopkins 155 dataset.

Two structures
are merged

A single structure is
segmented to two
Two structures
are merged

A single structure is segmented to two

(a) Two cranes

(b) Cars10

(c) 1R2RC g23

(d) 2T3RCR

Fig. 6. Examples showing the failure cases obtained by the proposed method. (a)-(d) The wrong segmentation results obtained by the proposed method for
four video sequences in the Hopkins 155 dataset.

TABLE III
T HE CLUSTERING ERROR (%) OBTAINED BY THE FIVE METHODS ON THE
Hopkins 155 DATASET. T HE BEST RESULTS ARE BOLDFACED .
Method
2 motions:
Mean
Median
3 motions:
Mean
Median
All
Mean
Median

ORK
LRR
120 sequences
7.83
8.59
0.41
–
35 sequences
12.62
15.51
4.75
–
8.91
–

10.16
–

MB-FLSS

BB

MSSC

9.45
–

–
–

2.50
0.00

12.07
–

–
–

7.15
0.88

10.04
–

6.09
0.00

3.55
0.00

obtained by BB. This is mainly because the proposed MSSC
can accurately represent each segmented motion and use MIT
to effectively fuse over-segmented motions belonging to the
same motion. The correct rate obtained by MSSC∗ is only
77.42%, which validates the effectiveness of the proposed
merging scheme used in MSSC.
In the third experiment, we evaluate the proposed MSSC
method in comparison with ORK [12], LRR [7], MB-FLSS
[24] and BB [25]. In the experiment, the number of motions
is not given to the competing methods and it is to be estimated
by the methods5 . From Table III, we can see that because the
proposed MSSC effectively exploits the motion information
from all frames of a video sequence, it greatly outperforms
the other three competing methods (i.e., ORK, LRR and
MB-FLSS) on the video sequences with both two and three
5 The results of LRR and MB-FLSS are cited from [24] whereas the results
of ORK and BB are cited from [12], [25], respectively. ’–’ means the value
is not reported in the corresponding paper.

motions. On the whole video sequences, the CE obtained by
the proposed MSSC is significantly lower than that obtained by
the state-of-the-art BB method, which has achieved the second
best performance. The differences of the accuracies obtained
by the other three competing methods (i.e., ORK, LRR and
MB-FLSS) are relatively small, while the gap between the
proposed MSSC and the best of the three competing methods
is large. Among the three competing methods (i.e., ORK,
LRR and MB-FLSS), ORK achieves better performance than
LRR and MB-FLSS on both the two-motion video sequences
and the whole dataset. On the three-motion video sequences,
the clustering error obtained by MB-FLSS is slightly lower
than that obtained by ORK. On the whole dataset, MB-FLSS
achieves slightly better performance than LRR.
We also show several segmentation results obtained by
the proposed MSSC method in Figs. 5 and 6. In Fig. 5,
the proposed MSSC successfully segments the four video
sequences. In contrast, Fig. 6 shows that MSSC fails in some
cases. Figs. 6(a) and 6(b) show the cases where the proposed
MSSC fails to estimate the number of motions and in these
cases MSSC underestimates the number of motions by (11).
Figs. 6(c) and 6(d) show the situations, where a single motion
is segmented into two degenerate motions.
D. Results on the 62-clip dataset
In this section, a thorough evaluation over the proposed
MSSC on the 62-clip dataset is presented. In this experiment,
the performance of the proposed method is evaluated in
comparison with seven state-of-the-art methods, namely ALC
[9], LBF [33], LRR [7], MSMC [11], ORK [12], SSC [4] and
MTPV [6]. All the competing methods are required to estimate
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(a) Swing

9

(b) Girl

(c) Bus

(d) Boat

Fig. 7. The final segmentation results obtained by the proposed method for four video sequences in the 62-clip dataset. (a)-(d) Examples showing the
successful segmentation cases.
TABLE IV
T HE CLUSTERING RESULTS OBTAINED BY

THE EIGHT COMPETING METHODS ON THE

Method
ALC
LBF
LRR
MSMC
Clustering error (%) - clips with missing data: 12 clips
Mean
25.38(0.43)
20.17(18.47) 26.03(29.46) 14.64(1.06)
Clustering error (%) - clips without missing data: 50 clips
Mean
22.03(18.28) 15.66(1.90)
9.82(5.26)
14.19(2.59)
Clustering error (%) - all: 62 clips
Mean
22.67(14.88) 16.53(5.90)
12.98(5.95)
14.27(2.34)
Motion number estimation - all 62 clips
#Correct
21
29
35
25

the number of motions6 . For the proposed MSSC, the median
results from 100 runs are reported.
In Table IV, the evaluation is divided into three parts. In the
first part, the performance of the eight methods on the 12 clips,
in which object occlusions exist, is reported. In the second part,
the performance of the eight methods on the remaining 50 clips
is shown. The third part in the last two rows of Table IV shows
the overall performance of the eight methods on the whole 62clip. In addition, the clustering error obtained by each method
is shown in the bracket by only considering the clips whose
motion number is correctly estimated.
As shown in the first row of Table IV (i.e., the first part), we
can see that for the challenging 12 clips with missing data, the
proposed MSSC achieves the lowest clustering error, because
it accurately integrates the motion information from all frames
of a video sequence. In contrast, MTPV achieves the second
best performance. However, one disadvantage of MTPV is in
that its segmentation process is inefficient due to the use of
a mixed norm optimization to build the coefficient matrices.
For instance, for the Van clip with 100 frames, the running
time of MTPV is 5,237 seconds, while the proposed MSSC
only takes 79 seconds7 . For ALC, as discussed in [6], the
perspective effects have significantly influence on the accuracy
of estimating the number of motions, which leads to relatively
large error rate. The error rate obtained by ALC on the 12
video sequences is about 13 times higher than that obtained
by the proposed MSSC (i.e., 25.38% and 1.84% respectively).
6 The results of the seven competing methods are cited from [6]. The
methods have all been optimized to achieve their best performance in [6].
7 The results are provided by the first author of [6] who tested on a laptop
with a 1.73GHz Intel i7 Q740 CPU. The first author of [6] runs only one
video sequence for us due to expensive computational cost and we cannot
obtain more comparative results because the code of the method in [6] is
not available. We note that the computational cost of the proposed method
is mainly spent on the computation of frame-to-frame correlations (by (4)),
which can be easily parallelized to increase computational efficiency.

62-clip DATASET. T HE BEST RESULTS ARE BOLDFACED .

ORK

SSC

MTPV

MSSC

24.11(22.33)

27.41(17.22)

7.71(0.91)

1.84(0.65)

12.98(4.15)

13.09(2.01)

7.56(2.78)

5.87(0.65)

15.13(8.08)

15.86(5.17)

7.59(2.37)

5.09(0.65)

37

33

46

49

The methods such as LBF, ORK, SSC and LRR, which rely
on the matrix completion [18] to recover the feature point
trajectories of occluded objects, have similar difficulties in
handling the structured pattern of the occluded objects. Due
to this reason, large error rates are observed for all of these
methods. While MSMC fails in complicated clips because it
clusters feature correspondences directly based on the inliers
of a homography model.
The results of the second part (shown in the second row
of Table IV) are for the remaining 50 videos. Although the
proposed MSSC achieves the lowest clustering error (i.e.,
5.87%), the result can be further boosted by improving the
accuracy of motion number estimation. The error rate obtained
by the proposed MSSC is only 0.65% when only the clips,
whose motion numbers are correctly estimated, are considered.
For other competing methods, MTPV achieves the second
lowest clustering error (i.e., 7.56%) while all other six competing methods (i.e, ALC, LBF, LRR, MSMC, ORK and SSC)
achieve relatively larger clustering errors due to the lower
accuracies of estimating the number of motions.
The overall performance of the eight methods is shown in
the last two rows of Table IV. The proposed MSSC achieves
the lowest clustering error (i.e., 5.09%), which is mainly
due to the effective consideration of the motion information
from all frames of a video sequence. Moreover, the proposed
MSSC is able to correctly estimate the number of motions
in 49 out of the 62 video sequences, which is better than
the state-of-the-art result achieved by MTPV. For overall
performance of the seven other competing methods, MTPV
performs second compared to the proposed MSSC whereas
all other six competing methods achieve significantly worse
performance than both the proposed MSSC and MTPV.
Although the proposed MSSC is much faster than the
affinity-based method MTPV, MSSC is slower than the
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subspace-based methods (e.g., SSC, LRR). This is because the
subspace-based methods pursue segmentation results based on
a data matrix constructed using all feature point trajectories
of a video sequence. However, the affinity-based methods
MTPV and MSSC perform motion segmentation by integrating
frame-to-frame motion information from all frames of a video
sequence, to more effectively handle practical problem (e.g.,
object occlusions).
The final segmentation results obtained by the proposed
MSSC on four example video sequences of the 62-clip dataset
are shown in Fig. 7, from which we can see that the four video
sequences are successfully segmented.
VI. C ONCLUSIONS
In this paper, we have presented a novel motion segmentation method (called MSSC), which is able to effectively
deal with practical challenges in motion segmentation such
as unknown number of motions and object occlusions. MSSC
is built upon the accumulation of frame-to-frame affinities
into a global affinity. More specifically, MSSC first integrates
motion information from all frames of a video sequence into
a correlation matrix. Then, MSSC constructs a sparse affinity
matrix based on both the correlation matrix and information
theoretic principles to boost the performance. After that, MSSC uses a segment and merge procedure to estimate the number
of motions on the constructed sparse affinity matrix. Finally,
spectral clustering is applied on the sparse affinity matrix
to accurately segment motions with the estimated number of
motions. In the experiments, we evaluate the proposed MSSC
on two comprehensive datasets and we compare it with several
state-of-the-art motion segmentation methods. The promising
results demonstrate both the efficiency and effectiveness of the
proposed MSSC for motion segmentation.
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